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Abstract
In this note we obtain another form of Morawetz-type identity by Lagrange method and present
a simple proof of the time decay estimates for the solution of the nonlinear beam equation, for a
nonlinear term with repelling sign, as t → ∞. As an immediate consequence, we also get the time-
integrability of the local energy of the solution for the beam equation.
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1. Introduction
In this note we consider the nonlinear beam equation
utt + 2u + m2u + f (u) = 0, m = 0, (1)
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f (u) satisfies
uf (u) − F(u) 0, F (u) =
u∫
0
f (s) ds. (2)
(1) stands for the simplest nonlinear perturbation of the classical vibrating beam equation.
In one-spatial dimension, a similar equation to (1) with a different nonlinear term has
been studied as a suspension bridge [6]. The general theory for the Cauchy problem of (1)
such as local well-posedness in H 2(Rn) × L2(Rn), global well-posedness for the case
of a nonlinear term with repelling sign like |u|ρ−1u, stability and instability of solitary
and standing waves for the case of a nonlinear term of attractive sign like −|u|ρ−1u, was
established by Levandosky in [2] and [3], the low-energy scattering for (1) or more general
higher-order wave equations was proved in [2] and [7], respectively.
Morawetz estimate for the Klein–Gordon equation was first established in a seminal
paper [8], see also [9], and for the Schrödinger equation was obtained by Lin and Strauss
in [4]. It is known that Morawetz estimates play an important role in the scattering theory
of Klein–Gordon equations and the nonlinear Schrödinger equations. Thus one expects
that Morawetz estimates can be used to construct the scattering theory for the beam equa-
tions with repelling sign. However, the scattering theory for the beam equations remains
open as far as I know. As an initial step to construct the scattering theory for the beam
equation, Levandosky and Strauss derived Morawetz’s radial identity of (1) by using the
skew-adjoint part of radial derivative as multipliers and delicate computation, see [1].
Based on Morawetz’s radial identity, Lin in [5] proved the integrability of local energy
in time and local time decay of L2-norm of the solution for the Cauchy problem of (1) by
using local Morawetz’s radial identity.
In this note, by variational method we establish another form of Morawetz-type identity
which is different from the one in [1], and present a simple proof of the time decay esti-
mates for the nonlinear beam equation, for a nonlinear term with repelling sign, as t → ∞.
As an immediate consequence, we also get the time-integrability of the local energy of the
solution for the beam equation.
2. A Morawetz-type identity and the related Morawetz estimates
For the sake of convenience, denote the left-hand side of (1) by
Eq(u) = utt + 2u + m2u+ f (u).
It is well known that the energy of (1)
E(u,Rn, t) =
∫
Rn
[
1
2
|ut |2 + 12 |u|
2 + m
2
2
|u|2 + F(u)
]
dx
= E(u,Rn,0)E (3)
is a constant.
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(u) = −1
2
|ut |2 + 12 |u|
2 + m
2
2
|u|2 + F(u), (4)
and the energy density function as
e(u) = 1
2
|ut |2 + 12 |u|
2 + m
2
2
|u|2 + F(u). (5)
For the convenience of reading and writing, sometimes we also denote by (a, b) the mul-
tiply of a and b instead of traditional L2 inner product. Using variational principle we can
derive the following Morawetz-type identity.
Theorem 1. Let n 5. Assume that u(x, t) is a solution of (1), smooth enough and decays
at |x| = ∞, then
− d
dt
∫
Rn
ut
(
ur + n − 12r u
)
dx
= 3(n − 1)(n − 3)
2
∫
Rn
|∇u|2
r3
dx + 3(n − 1)(n − 3)(n − 5)
4
∫
Rn
|u|2
r5
dx
+ 2(n − 1)
∫
Rn
|u|2
r
dx + n − 1
2
∫
Rn
uf (u) − 2F(u)
r
dx = 0, n > 5, (6)
− d
dt
∫
R5
ut
(
ur + 2u
r
)
dx
= 12
∫
R5
|∇u|2
r3
dx + 16π2∣∣u(t,0)∣∣2 + 8∫
R5
|u|2
r
dx
+ 2
∫
R5
uf (u) − 2F(u)
r
dx = 0, n = 5. (7)
Proof. We divide the proof into four steps.
Step 1. Considering the variation of Lagrange density function (u), we get by simple
computation
δv(u) = lim
ε→0
(u + εv)− (u)
ε
= −(ut , vt ) + (u,v) + m2(u, v) +
(
f (u), v
)
= (utt , v) − ∂t (ut , v) + ∇ · (u,∇v)
− (∇u,∇v) + m2(u, v) + (f (u), v)
= (utt , v) − ∂t (ut , v) + (2u,v) + ∇ · (u,∇v)
− ∇ · (∇u,v) + m2(u, v) + (f (u), v)
= (Eq(u), v)+ ∇ · (u,∇v) − ∇ · (∇u,v) − ∂t (ut , v). (8)
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transformation group. One can verify
lim
λ→0
(T (λ)u) − (u)
λ
= lim
λ→0
(u + λAu) − (u)
λ
= δAu(u) (9)
by the variational principle.
Let T (λ) be a conformal transformation group which satisfies

(
T (λ)u
)= T (λ)(u). (10)
Taking derivative in λ on both sides of the above identity, it follows that(
Eq(u),Au
)= A(u) + ∂t (ut ,Au) + ∇ · (∇u,Au) − ∇ · (u,∇Au), (11)
where A is the generator of the conformal transformation group T (λ). In particular, for the
translation group on space variable xj , we have A = ∂j (1 j  n) and(
Eq(u), ∂ju
)= ∂j (u) + ∂t (ut , ∂ju) + ∇ · (∇u,∂ju) − ∇ · (u,∇∂ju). (12)
Therefore, we have(
Eq(u),∇u)= ∇(u) + ∂t (ut ,∇u) + ∇(∇u,∇u) − ∇(u,u). (13)
On the other hand, let T (λ)u = eλu, then A = I . Let ˜(u) = (u) − F(u), then
˜
(
T (λ)u
)= T (2λ)˜(u), (14)
we obtain
δu˜(u) = 2˜(u), (15)
by taking derivative in λ on both sides of (14). Let G(u) = uf (u) − 2F(u), then
δu
(
(u)
)= δu(˜(u) + F(u))= 2˜(u) + uf (u)
= 2(u) + f (u)u − 2F(u) 2(u) + G(u). (16)
Therefore, we conclude from (8) and (16)(
Eq(u),u
)= 2(u) + ∂t (ut , u) + ∇ · (∇u,u) − ∇ · (u,∇u) + G(u). (17)
Step 3. Multiplier method. Let Mu = h(x)∇u + q(x)u, where
h(x) = (h1(x), h2(x), . . . , hn(x))
is a vector function and q(x) a scalar function.
Using (13) and integration by parts, we easily verify that(
Eq(u),h∇u)= h∇(u) + h∂t (ut ,∇u) + (h∇)(∇u,∇u) − (h∇)(u,u)
= ∇(h(u))− (∇ · h)(u) + ∂t (ut , h∇u) + ∇ · (∇u,h∇u)
− (∇u, (∇ · h)∇u)− ∇ · (u,hu) + (u,∇ · hu)
= ∇(h(u))− (∇ · h)(u) + ∂t (ut , h∇u) + ∇ · (∇u,h∇u)
− ∇ · (u, (∇ · h)∇u)+ (u,∇hu) + (u,h∇u)
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= ∇(h(u))− (∇ · h)(u) + ∂t (ut , h∇u) + ∇ · (∇u,h∇u)
− ∇ · (u, (∇ · h)∇u)+ (u, (∇ · h)u)+ 1
2
∇(h|∇u|2)
− 1
2
∇h · |∇u|2 − ∇ · (u,hu) + (u, (∇ · h)u)
= ∇(h(u))− (∇ · h)(u) + ∂t (ut , h∇u) + ∇ · (∇u,h∇u)
− ∇ · (u, (∇ · h)∇u)+ 2(∇ · h)|u|2 + 1
2
∇(h|∇u|2)
− 1
2
∇h · |∇u|2 − ∇ · (u,hu). (18)
On the other hand, in view of (17) one easily verifies that(
Eq(u), qu
)= (2(u) + G(u))q + ∂t (ut , qu) + ∇ · (∇u,qu) − (∇u,∇qu)
− ∇ · (u,q∇u) + (u,∇q∇u)
= (2(u) + G(u))q + ∂t (ut , qu) + ∇ · (∇u,qu) − ∇ · (u,∇qu)
+ (u,qu) + 2(u,∇q∇u) − ∇ · (u,q∇u)
= (2(u) + G(u))q + ∂t (ut , qu) + ∇ · (∇u,qu) − ∇ · (u,∇qu)
− ∇ · (u,q∇u) + ∇ · (∇q|∇u|2)− q|∇u|2 + (u,qu). (19)
Note that
(u,qu) = ∇ · (∇u,qu) − (∇u,q∇u)− (∇u,∇qu)
= ∇ · (∇u,qu) − q|∇u|2 − 1
2
∇ · (∇q|u|2)+ 1
2
2q|u|2, (20)
so we get(
Eq(u), qu
)= (2(u) + G(u))q + ∂t (ut , qu) + ∇ · (∇u,qu) − ∇ · (u,∇qu)
− ∇ · (u,q∇u) + ∇ · (∇q|∇u|2)+ ∇ · (∇u,qu) − 2q|∇u|2
− 1
2
∇ · (∇q|u|2)+ 1
2
2q|u|2. (21)
Combining (18) with (21) we can obtain the following identity:(
Eq(u),Mu
)= (Eq(u),h∇u + qu)
= ∂t (ut , h∇u + qu) + ∇ · (∇u,h∇u + qu)
− ∇ · (u,∇h∇u + ∇qu)− ∇ · (u,hu + q∇u)
+ 1
2
∇ · (h|∇u|2)+ ∇(h(u))+ ∇ · (∇q|∇u|2)+ ∇ · (∇uqu)
− 1
2
∇ · (∇q|u|2)+ (2(u) + G(u))q − 2q|∇u|2 + 1
2
2q|u|2
− (∇h)(u) + 2∇h|u|2 − 1∇h|∇u|2. (22)
2
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h(x) = x
r
, q = n − 1
2r
, r = |x|. (23)
Simple computation implies that
∇h = δij
r
− xixj
r3
, ∇ · h =
n∑
i=1
∂hi
∂xi
= n − 1
r
, (24)
(∇ · h) = (n − 1)
(
1
r
)
= −n − 1)(n − 3)
r3
, (25)
∇q = n − 1
2
∇
(
1
r
)
= −n − 1
2
x
r3
, (26)
q = n − 1
2

(
1
r
)
= − (n − 1)(n − 3)
2r3
, (27)
{
2q = − (n−1)(n−3)2 
( 1
r3
)= 3(n−1)(n−3)(n−5)2r5 , n > 5,
1
2
2q = 2( 1
r
)= 16πδ(x), n = 5. (28)
Substituting (23)–(28) into (22) and then integrating the both sides of the resulting identify
in Rn, one obtains by the divergence theorem that
0 = d
dt
∫
Rn
utMudx + (n − 1)(n − 3)
∫
Rn
|∇u|2
r3
dx
+ 3(n − 1)(n − 3)(n − 5)
4
∫
Rn
|u|2
r5
dx + 2(n − 1)
∫
Rn
|u|2
r
dx
+ (n − 1)(n − 3)
2
∫
Rn
|∇u|2
r3
dx + n − 1
2
∫
Rn
uf (u) − 2F(u)
r
dx, n > 5, (29)
and
− d
dt
∫
R5
utMudx = 12
∫
R5
|∇u|2
r3
dx + 16π2∣∣u(t,0)∣∣2 + 8∫
R5
|u|2
r
dx
+ 2
∫
R5
uf (u) − 2F(u)
r
dx = 0, n = 5. (30)
So we obtain (7) and (8). 
As an immediate consequence, we have
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that
uf (u) 2F(u) 0.
Then
∞∫
0
∫
Rn
uf (u) − 2F(u)
r
dx dt  CE, (31)
∞∫
0
∫
Rn
|∇u|2
r3
dx dt  CE, (32)
∞∫
0
∫
Rn
|u|2
r
dx dt CE, (33)
and {∫∞
0
∫
Rn
|u|2
r5
dx dt  CE, n > 5,
supx
∫∞
0 |u|2 dt  CE, n = 5.
(34)
3. The integrability of local energy in time
Let ξ(x) = ξ(|x|) ∈ C4b(Rn). Using (22) and taking Mu = ξ(r)(ur + n−12r u), one can
show by a direct computation that(
Eq(u),Mu
)= (Eq(u), ξ(r)(ur + n − 12r u
))
= Xt + ∇Y + Z = 0, (35)
where
X = ξut
(
ur + n − 12r u
)
, (36)
Y = ξ(r)∇u
(
ur + n − 12r u
)
− ξ(r)u
(
n − 1
r
∇u− (n − 1)x
2r3
u
)
− ξ(r)u
(
x
r
u + n − 1
2r
∇u
)
− (n − 1)x
2r3
ξ(r)|∇u|2 + x
r
ξ(r)(u)
− (n − 1)x
2r3
ξ(r)|∇u|2 − (n − 1)(n − 3)
2r3
ξ(r)u∇u − ∇
(
n − 1
2r
)
ξ(r)|u|2
= ξ(r)∇u
(
ur + n − 12r u
)
− ξ(r)u
(
n − 1
r
∇u− (n − 1)x
2r3
u
)
− ξ(r)u
(
x
r
u + n − 1
2r
∇u
)
− (n − 1)x
r3
ξ(r)|∇u|2 + x
r
ξ(r)(u)
− (n − 1)(n − 3)ξ(r)u∇u + 3(n − 1)(n − 3) ξ(r)|u|2, (37)
2r3 2r5
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(
ur + n − 12r u
)
+ ξr (r)u
(
n − 1
r
ur − (n − 1)2r2 u
)
+ ξr (r)u
(
u + n − 1
2r
ur
)
+ (n − 1)
2r2
ξr |∇u|2 − ξr(u)
+ (n − 1)
2r2
ξr |∇u|2 + (n − 1)(n − 3)2r3 ξr (r)uur − ξr
(
n − 1
2r2
)
|u|2
+ n − 1
2r
ξ
(
2(u) + G(u))+ (n − 1)(n − 3)
r3
ξ(r)|∇u|2
+ 3(n − 1)(n − 3)(n − 5)
r5
ξ(r)|u|2 − n − 1
r
ξ(r)(u)
+ 2(n − 1)
r
ξ(r)|u|2 − n − 1)(n − 3)
2r3
ξ(r)|∇u|2
= −ξr(r)ur
(
ur + n − 12r u
)
+ ξr (r)u
(
n − 1
r
ur − (n − 1)2r2 u
)
+ ξr (r)u
(
u + n − 1
2r
ur
)
+ (n − 1)
r2
ξr |∇u|2 − ξr(u)
+ (n − 1)(n − 3)
2r3
ξr (r)uur − ξr
(
n − 1
2r2
)
|u|2 + n − 1
2r
ξrG(u)
+ (n − 1)(n − 3)
r3
ξ(r)|∇u|2 + 3(n − 1)(n − 3)(n − 5)
r5
ξ(r)|u|2
+ 2(n − 1)
r
ξ(r)|u|2 − (n − 1)(n − 3)
2r3
ξ(r)|∇u|2. (38)
We integrate both sides of (35) with respect to x in Rn and t from 0 to T . Noting that the
assumption on the decay of u at the spatial infinity, we have{∫
Rn
∇ · Y dx = 0, n > 5,∫
Rn
∇ · Y dx  0, n = 5. (39)
Thus
T∫
0
∫
Rn
Z dx dt +
∫
Rn
X(x,T )dx −
∫
Rn
X(x,0) dx  0. (40)
Using the Hardy’s inequality and Hölder’s inequality, one easily sees that
sup
0tT
∣∣∣∣∣
∫
Rn
X(x, t) dx
∣∣∣∣∣ CE. (41)
Thus
T∫ ∫
n
Z dx dt CE. (42)
0 R
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metric function in Rn such that ξ(0) = 0 and
0 ξ ′(r) 1, ξ ′′(r) 0 and
{
ξ ′(r) = 1, |x| h,
ξ ′(r) = 0, |x| 2h. (43)
In view of (4), (31)–(34), (38), (42) and (43), we can obtain that
∞∫
0
∫
|x|h
|ut |2 dx dt CE (44)
by Hölder’s inequality and integration by parts. Thus we get the following result about the
integrability of local energy in time.
Theorem 3. Let n 5. Assume that uf (u) − F(u) c0F(u), c0 > 0 or more generally,
c1
(
uf (u) − F(u))+ c0|u|2  c0F(u), c0, c1 > 0. (45)
Assume that u(·, t) ∈ C2b(R;C4b(Rn)), u(x, t) and all its partial derivatives in x up to the
fourth order approach zero as |x| approaches the infinity. Then for any bounded domain
Ω ⊂Rn,∫
R
E(u,Ω, t) dt < ∞. (46)
Remark. (i) As a direct consequence of Theorem 3 we easily obtain time decay of local
L2 norm, i.e.
lim
t→∞
∫
Ω
∣∣u(t, x)∣∣2 dx = 0, ∀ bounded domain Ω ⊂Rn. (47)
(ii) For any bounded domain Ω ∈ Rn, there is a positive number h > 0 such that Ω ⊂
{x; |x| < h}. Thus (47) can be reduced to
lim
t→∞
∫
|x|h
∣∣u(t, x)∣∣2 dx = 0. (48)
This is a direct consequence of Theorem 3 and Newton–Leibniz formula.
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